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Rezyume. Konform akslantirishlar nazariyasi kompleks analizning eng amaliy bo‘limlaridan biri bo‘lib, gidrodinamika,
elektrostatika va issiglik o‘tkazuvchanlik masalalarini yechishda asosiy vosita hisoblanadi. Riman teoremasiga ko‘ra, har
ganday bir bog‘lamli sohani birlik doiraga akslantirish mumkin. Birog, amaliy masalalarda soha chegaralari ko*pincha siniq
chiziglardan (ko‘pburchaklardan) iborat bo‘ladi. Bunday hollarda Shvars-Kristoffel integrali universal yechim vazifasini
o‘taydi. Mazkur maqolada Shvars-Kristoffel formulasining nazariy asoslari va uning tatbiglari metodik jihatdan tahlil
etilgan.

KuaoueBble cioBa: kKoHpopmHOe oToOpaxenue, wuaTerpan IlIBapmna-Kpucroddens, BepxHsi1 MOTYIIOCKOCTB,
€IMHUYHBINA KPYT, QYHKIMHY KOMIUIEKCHOH IIEpeMEHHOM.

Pe3tome. Teoprst KOHPOPMHBIX OTOOpPaKEHUH SBJISAETCS OAHUM W3 MPAKTUUECKHX PAa3]esIOB KOMIUICKCHOTO aHAIN3a U
CJIIY)KUT OCHOBHBIM HHCTPYMEHTOM IIpU PEHICHUU 3adad THAPOJAWMHAMHKH, IBJICKTPOCTATUKHA U TEILUIOMMPOBOAHOCTH. B
CIIOKHBIX 3a/1a4ax, IJIe TPaHMIBl 00JACTH COCTOST M3 MHOTOYroibHHKOB, (hopmyna IlIBapra-Kpucroddens BricTymaer
YHHUBEPCAJIBbHBIM PEIICHHEM. B TaHHO# cTaThe aHAIU3UPYIOTCS TeopeTHuecKue ocHOBBI (hopmyisl IlIBapia-Kpucroddens
U €€ METOANYECKOE IPUMEHEHHE.

Key words: conformal mapping, Schwarz-Christoffel integral, upper half-plane, unit disk, functions of a complex v
ariable.

Summary. The theory of conformal mapping is one of the most practical branches of complex analysis and serves as
the main tool for solving problems in hydrodynamics, electrostatics, and heat transfer. In complex problems where domain
boundaries consist of broken lines (polygons), the Schwarz-Christoffel formula serves as a universal solution. This paper
analyzes the theoretical and methodological foundations of the Schwarz-Christoffel formula, as well as problems of
mapping the upper half-plane onto the interior of polygons.

Kirish. Konform akslantirishlar nazariyasi kompleks _ N N VR oy et
analizning eng amaliy bo‘limlaridan  biri  bo‘lib, W= f(z)_CIZO(g X)THe =) (X)) e+ Gy
gidrodinamika, elektrostatika va issiglik o‘tkazuvchanlik  punda X, <X, <...<X. - haqigiy o‘qdagi nugtalar
masalalarini yechishda asosiy vosita hisoblanadi. Riman
teoremasiga ko‘ra, har ganday bir bog‘lamli sohani birlik
doiraga akslantirish mumkin. Birog, amaliy masalalarda  proobrazlaridir, C va C, kompleks o‘zgarmaslar bo‘lib,

soha  chegaralari ~ ko‘pincha  siniq  chiziglardan  sohaning o‘lchami va tekislikdagi o‘mini belgilaydi,

(ko‘pburchaklardan) iborat bo‘ladi. Bunday hollarda _ . . _ . .
Shvars-Kristoffel integrali universal yechim vazifasini o —1 daraja ko'rsatkichi, bunda 77 ko*pburchakning

o‘taydi. k -uchidagi ichki burchagi.

Metodlar va nazariy asoslar. Ko‘pburchak uchlaridan biri cheksiz uzoglashgan

Shvars-Kristoffel formulasining nazariy asoslari: nugtaning obrazi bo‘lgan holat: Faraz gilaylik, a, =
Aytaylik, W -tekisligida N ta uchli = A, Ay,..., A, o By holatni awval ko‘rilgan holatga keltirish uchun,
ko‘pburchak  berilgan bo‘lsin va uning ichki burchaklari  |mz>0 yarim tekisligini Im¢ >0 yarim tekisligiga
T, QL. .., O, 7T ga teng bo‘lsin.  Yugori yarim
tekislikni (Imz>0) ushbu ko‘pburchak ichiga konform
akslantiruvchi funksiya quyidagi Kko‘rinishdagi integral 8y,8y,..., 8y
orqali ifodalanadi:

bo‘lib, ular W -tekisligidagi ko‘pburchak uchlarining

o‘tkazuvchi va @;,da,,...,a, =0 nuqgtalarni chekli

nugtalarga  o‘tkazuvchi ¢ = 21 +a,
z

16


mailto:bekmetova.s@urdu.uz
mailto:b.yuldashev@alumni.nsu.rum

Ilim ham jamiyet. Ne4.2026

chizigli almashtirishni bajaramiz. Formulani qo‘llab,
quyidagiga ega bo‘lamiz:

¢
w=C'[(¢-a,) (¢ —a,) .. (¢ —a,) Mg +C, =
¢o

I A 1) 1)dz
=C J(an’_al'_zj (anr_azr—zj ...[—zjzz—i-cl'

0

Har bir gavs ichidagi ifodani umumiy maxrajga
keltiramiz va har bir qavsdan (a, —&,.) (k=1...,n-1

) ko‘paytuvchilarni gavsdan tashqariga chigaramiz; u holda
quyidagiga ega bo‘lamiz:

W= Cj(z —a)* ' (z—a,) ...
dz

ag+ay+.. Ao, —N+2

n—1
..(z—a, )™ .

+C,
1 S
bu yerda a, = ———— — ba'zi hagiqiy o‘zgarmaslar, C
n' G
esa kompleks o‘zgarmasdir. N -burchakning ichki burchak-
lari yig‘indisi hagidagi elementar geometrik teoremaga

ko‘ra: oy +ax, +...+a, =N—2 ekanligidan foydalanib,
yakuniy formulani hosil gilamiz:

z
W= CI (z-a)"(z-a,)% .. .(z—a ) dz+C,
2y
Birlik doira uchun Shvars-Kristoffel formulasi:
W, W,,...,W, nugtalar A ko‘pburchakning uchlari,

n
T, QLT ..., &, 7T esa ushbu uchlarga mos keluvchi ich-
ki burchaklar bo‘lsin. Agar W= f(z) funksiyasi birlik

doiraning ichki gismini A ko*pburchakning ichki gismiga
konform akslantirsa, u holda quyidagi ko‘rinishga ega
bo‘ladi:

f(Z)=CI(§—a1)““1(é“—az)"f{--(é“—an)“"*ld§+cl

bu yerda Z,,C,C, va |a, |=1 (k=12,...,n) ba’zi
o‘zgarmaslardir.
Natijalar (Misollar tahlili)

1-Misol: Imz >0 yugori yarim tekislikni 1-rasmda
ko‘rsatilgan @ -tekisligidagi sohaga akslantiring. Nugtalar

mosligi:.  @(A=0,B=1C =)« 2(0,1,00) deb

berilgan.

1-rasm

Yechish:  1-rasmdan  ko‘rinib  turibdiki, ushbu

uchburchakning burchaklari mos ravishda ¢, zﬁyaB _3
2

2
ga teng, bundan o =—2 kelib chigadi. Shvars-Kristoffel
formulasiga ko‘ra;

o(2)=C[(£)? (£-1)? d&=C[{EJE-1d¢

Integrallash natijasida quyidagiga ega bo‘lamiz:

w(z) =C(arcsinyz — /21— z) 1 - 22)).
Bizda @(l)=1 sharti bor, shundan foydalanib

o‘zgarmas C ni topamiz:
1=C(arcsin~/1) =C%:>C :3.
r

Demak, izlanayotgan akslantirish funksiyasi:

o(z) = %(arcsin \/E—W/z(l— z)(1-2z2)).

Demak yechimni grafik shaklida quyidagicha bo‘ladi:

16 Z-tekisligi (Yuqori yarim tekislik)
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W-tekisligi (Akslantirilgan ko'pburchak)

2-rasm
2-Misol: Imz >0 vyugori yarim tekislikni 3-rasmda
ko‘rsatilgan @ -tekisligidagi sohaga akslantiring. Nugtalar
mosligi: w(A=0,B=ia,C =) «z(0,1,00) deb berilgan.
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C
3-rasm
Yechish: 3-rasmdan ko‘rinib turibdiki,

aA:LaB =2 0a teng, bundan ¢ __3 kelib chigadi.
2 2

burchaklar

Shvars-Kristoffel integraliga ko‘ra:
frot t-1 2
f(z)=C|t? (t —1)2_1dt =C|—=dt= C( 732 _Zﬁj
! ! Jt 3
Endi o‘zgarmas C ni topamiz:
f@) =C(2—2j=—4c _iamc-_3a.
3 3 4

Demak, yakuniy funksiya:

f(Z)I—STai(ézm—2«/?)2—%(23/2—3\/5)-

3-Misol:  |z|<1 doirani koordinata  boshida
markazlashgan va uchlaridan biri W=1 nugtada bo‘lgan
muntazam besh burchakli yulduz ichiga konform
akslantiruvchi ~ W(z)  funksiyasini  toping. Bunda

w(0) =0 va W'(0) > O shartlari bajarilsin.

Yechish: Faraz gilaylik, @(1) =1 bo‘lsin. Ushbu besh
burchakli yulduzda beshta o‘tkir burchak o‘zaro teng va
yana beshta botiq (o‘tmas) burchak ham o‘zaro tengdir.
Ko‘pburchak ichki burchaklari yig‘indisi hagidagi
teoremaga ko‘ra Sa+5£ =8 munosabat o‘rinli, bunda
ar — o‘tkir burchak, Sz — botig burchak ko‘rsatkichi.
Shvars-Kristoffel formulasini quyidagicha yozish mumkin:
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w(2)=C[]] (8, - &) de -

0 k=1

z 5 (" .2x(k-1) @15 2a( x A1
:CJH[e 5 —5} H(e 5 5—5] dé=

k=1 j=1

—c[a-gy s gy e
Bizga ma'lumki, Oushbu yulduzning ichki burchaklari mos
ravishda a,[:%,, va ﬂ,,:%,, ga teng. Bundan quyidagi
ifoda kelib chigadi:
o) =CJ(-&) S+ &) de
0

Endi C o‘zgarmasini aniglaymiz. @(1) =1 shartidan
foydalansak:

1 4 2
Cl1-&) *@+¢&7)Pde=1
0
bu yerda integral Beta-funksiya orgali hisoblanib, natijada
C quyidagiga teng bo‘ladi:

5' 22/5
"~ B(1/10,1/5)

4-rasm

Muhokama: Shvars-Kristoffel formulasi muhandislik
masalalarini matematik modellashtirishda kuchli vositadir.
Metodik jihatdan ushbu mavzu talabalarda integral hisobini
geometrik interpretatsiya qilish, kompleks o‘zgaruvchili
funksiyalar geometriyasini chuqur anglash ko‘nikmalarini
shakllantiradi. Magolada keltirilgan nazariy hisob-kitoblar
talabalarga konform akslantirishlarni mustaqil tahlil gilish
imkonini beradi.

Adabiyotlar
1. JlaBpentheB M.A., Illabar b.B. Merons! Teopun (QpyHKIMH KOMIUIEKCHOTO TepeMeHHoro. — Mocksa: ['aBHas
penaxnus pU3NKO-MaTeMaTHIeCKOH JIuTepaTypsl u3-Ba «Haykay, 1973.

2. Tobin A. Driscoll, Lloyd N. Trefethen. Schwarz—Christoffel Mapping. This edition. — Cambridge University Press
(Virtual Publishing), 2003.

3. Cupmopor 10.B., ®enoprok M.B., lladyruna M.UW. Jlekiuu mo teopur (GYHKIHUHA KOMIDIEKCHOTO MEPEMEHHOIO.
— Mocksa: I'naBHas penaxiys GU3MKO-MaTeMaTH4ECKON JIMTepaTypsl u3a-Ba «Haykay, 1976.

4. Bonkoseickuii JIL.W., Jlynn I'.JI., ApamanoBuu WN.I'. COopHHK 3amad mo Teopud (YHKIUH KOMIUIEKCHOTO
MEPEMEHHOTO. 4-¢ u31., mepepad. — Mocksa: « DPU3MATJIIUT», 2004.

5. Erpados M.A., Cunopos 10.B., ®enoprok M.B., llabynun M.U., bexxano K.A. CO0opHUK 33724 MO TEOPHH
aHanmuTUueckux QyHKuuit. — Mocksa: ['naBHas peaakuus GU3NKO-MaTeMaTHYECKOH nuTeparypsl u3a-sa «Haykay, 1969.



