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Tayanch so‘zlar: ratsional kasr, to‘g‘ri va noto‘g‘ri kasrlar, sodda kasrlar, ko‘paytuvchilarga ajratish, Lagranj metodi,
Gorner sxemasi, kompleks sonlar.

Rezyume. Maqolada hagiqiy va kompleks sonlar maydonida berilgan ratsional kasrlar, ularning xossalari va eng sodda
kasrlar yig‘indisiga ajratish usullari o‘rganilgan. Ishda noto‘g‘ri ratsional kasrdan butun qismini ajratish, to‘g‘ri ratsional
kasrlarni chiziqli va kvadratik ko‘paytuvchilar asosida sodda kasrlarga yoyish nazariyasi keltirilgan. Shuningdek, anigmas
koeffitsiyentlar metodi, Lagranj usuli va Gorner sxemasi yordamida amaliy misollarni yechish yo‘llari ko‘rsatilib, asosiy
teoremalar isbotlangan. Maqola oliy o‘quv yurtlari talabalari va akademik litsey o‘quvchilari uchun qo‘llanma sifatida
foydalanishga mo‘ljallangan.

KiroueBble ci1oBa: paipoHaibHas Apo0b, MPAaBUIBHBIC U HETMPABUIIbHBIC IPOOHU, MPOCTEUIIINE IPOOHU, pa3IoKEeHHE Ha
MHOXUTENN, MeTo1 Jlarpanxa, cxema ['opHepa, KOMILIEKCHBIE YUCIIA.

Pe3ome. B crathe paccMaTpuBarOTCA pallMOHAJIbHBIC I[pO6I/I, 3aJaHHBIC HaJ II0JIEM Z[eﬁCTBHTCHLHLIX 1 KOMIIJICKCHBIX
Yrcel, MX CBOHCTBA M METOIBI Pa3IOXKECHHs Ha CyMMy mpocTteHmmx apobeil. B paboTe mpuBeicHa Teopws BBIACICHUS
LEJIOW YacTH W3 HENpaBWILHOW pPalMOHANIBHOW APOOM, a TakkKe Pas3JIONKEHUs MPaBWIBHBIX PalMOHAIBHBIX ApoOed Ha
MpoCTeIIe Ha OCHOBE JIMHEWHBIX M KBaJIpaTHUYHBIX MHOXHTeIeH. Takxke mokazaHbl CIIOCOOBI PEIICHUS! MPAKTUYECKUX
INpuMEPOB € HUCHOJIB30BAHUEM METOAAa HCEOIPCACICHHBIX KO:-)(i)(l)I/I].II/IeHTOB, METOAa J'Iarpamxa H CXEMBI FopHepa, u
J0Ka3aHbl OCHOBHBIC TCOPCEMBI. Cratbs npeaHa3HauCHa I UCIIOJIb30BAHUA B KA4CCTBE rnocooust CTYACHTAaMHM BBbICHINX
yqe6H1)1x 3aBe}IeHI/Iﬁ 1 yJalliuUMHCH aKaICMUYCCKUX JIMIIECB.

Key words: rational fraction, proper and improper fractions, unit fractions, factorization, Lagrange's method, Horner's
scheme, complex numbers.

Summary. This article examines rational fractions defined over the field of real and complex numbers, their properties,
and methods for factoring into sums of partial fractions. The paper presents a theory for extracting the integer part from an
improper rational fraction, as well as the factorization of proper rational fractions into partial fractions using linear and
quadratic factors. It also demonstrates solutions to practical examples using the method of undetermined coefficients, the
Lagrange method, and Horner's scheme, and proves the main theorems. This article is intended for use as a resource for
students at higher education institutions and academic lyceums.

Kirisiw. Matematikaliq analiz ham algebra kurslarinda  racional bélshekli funkciya yamasa qisqasha racional
racional funkciyalar ham bdlshekler menen islesiw  bélshek delinedi.
maseleleri koplep ushirasadi. Racional bolsheklerdi apiwayi 1-amiqlama. Eger f(z) ham f(z) racional bolshekler
bolsheklerge ajiratiw — bul quramali matematikaliq m @)
anlatpalardi  integrallaw, differencialliq tenlemelerdi % %
sheshiw ham qatarlardi esaplaw proceslerin sezilerli  ushin f1 (a:)gQ(x) = f2 (x)gl(x) tenlik ormli bolsa, bul
darejede  ansatlastiratugin  ahmiyetli usillardan  biri

racional bolshekler ten delinedi [1].

esaplanadi.

Magalanmin magqseti — racional bdlsheklerdin turleri, Méselen, _ 1 ham z+1 racional bolshekler ten.
olardin gasiyetleri ham berilgen duris racional bolshekti en rz—1 22 —1
apiway1 (primar) boélshekler qosindisina keltiriw usillarin Racional bolshekler kopliginde qosiw ham kobeytiw

teoriyaliq ham ameliy jaqtan uyreniwden ibarat. Al, bul  4mellerin tdomendegishe amglaymiz:
ultwma bilim beriw mektepleri ham akademiyaliq

liceylerdin oqiwshilari, joqar1 oqiw orinlar1 talabalarmin 1 fl(:C) i fZ(ac) fl(x) -9, (x) + fz(m) 9, (x).
maselelerdi sheshiwdegi logikaliq konlikpelerin ' = ] '
rawajlandirtwga xizmet etedi. Bul magalada haqiyqry gl(x) 9, () gl(w) 9, ()
yamasa kompleks sanlar maydaninda berilgen racional T T ) f(z
bolshekler haqqinda soz etiledi. 2. fl( ) fg( ) = fl( ) f?( ) :

Tiykargi bélim. Qandayda bir maydanda berilgen f(z) 9, (z) 92(517) gl(x) : 92<$)
him g(x), g(x) = 0 kopagzahlardn f(x) qatnasina Berilgen f(z) racional bolshekte har dayim

9(x) 9(x)

17


mailto:kalekeevat@gmail.com

Ilim ham jamiyet. ¥¢3.2026

(f(z),9(x)) =1 dep ahwimiz  mamkin.  Sebebi,

(f(z),9(x)) = d(z) bolsa, onda f(z) = d(z)- f(z)

ham glz)=d(z)- g (x) ekenliginen M_& kelip
g(x)  g,(x)

shigads, bul jerde (fl(:p),gl(x)) =1.
Bunday bolshekler normallasgan bélshekler dep ataladi.
2-amqlama.  Eger f(@) racional  bolshekte

9(z)
deg(f(x)) < deg(g(x)) bolsa, onda ol duris racional

bolshek, keri jagdayda naduris racional bolshek delinedi[2].
1-teorema. Har qanday racional bolshek kopagzali ham
duris racional bélsheklerdin qosindist arqali anlatiladi[1].

Dualil: Eger f ( ) duris racional bolshek bolsa, teorema
9(x)
ormli ekenligi aniq.
f ([E) naduris racional bolshek bolsin. Onda
g(z)
f(x) kopagzalini g(z) qa qaldigh bolip,
f(@) = g(z)- q(x) + r(x), degr(z) < deg g(x)

tenlikti alamiz, bunnan

Meyli

f@) _ g9(@)-q(@) +r(z) _ r(z)
W@ e @+
kelip shigadi.

2-teorema. Duris racional bolsheklerdin qosindisi ham
koébeymesi duris racional bolshek boladi[1].

Dadlil. Haqiyqattan da, eger fl(x) ham f2<$> duris ra-

9,(z)  g,()
cional bélshekler bolsa,
fi() N L&) fi(@)-9,(z) + [,(x) - g,(x)
9,(z)  g,(2) 9,(z) - g,(2)

duris racional bolshek boladi, sebebi

deg(fi(2)- g,(x) + £(z)- g,(2)) < deg(g,(2)- 9,(x))
Demek, olardin kobeymesi de duris racional bolshek

boladu.

3-teorema. Eger f(x)
9,(2) - g,(x)
(9,(z)- g,(z)) = 1 bolsa, onda bul racional bolshekti eki

duris racional bolshekte

duris racional bdlsheklerdin qosindisi
koriniste anlatiw mamkin [1].

sipatinda jalgiz

Dalil. Racional bolshek bolimindegi g (r) ham g, ()

képagzalilar 6z-ara apiway1 bolganligr ushin sonday U(l‘)
hdm v(z) kopagzalilar tabilads, u(z)- g (x) +v(z)- g,(z) = 1
boladi. Demek,
f(z)
9,(2) - g,(x)
_ @) @) |
9,(x)

Endi f(m)

oy ) (@) + (@) g, (x)
BEEYE
f(@)-v(z)

9,(2)
w(z) t g,(2) qaqaldigh bolemiz:
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f(@)-ul(z) = g,(@)- 4,(@) + 1, (@), degn,(a) < deg ,(z).
Demek,
f@)u@) _ ),
PR
Payda bolgan qz(x) kopagzalim f(z)- v(2) bolshekke
9,(2)
Kiritsek,
f@v@) |y = f(z)-v(z) + g,(x) - g,(x)

9,(2) 9,(x)
racional bolshek payda boladi. Bul racional bolshek
f (:1:) ham g(x) duris racional bolsheklerdin
9,(x)- g,(x) 9,(x)
ayirmast bolganligi ushin, ol da duris racional bolshek
boladi. Demek,

flz)  _n@ 5@
9,(x)-g,(x)  g,(x)  g,(z)
Bul teoremani uliwmalastirip, témendegi natiyjeni
alamiz.
1-natiyje. Eger f <x> duris racional
9,(2)- 9,(x) .. g,(x)
bolshekte (gi(x),gj(g;)) =1, %= j bolsa, onda bul
bolshek duris racional bélsheklerdin
n(@) | 1) ()
—_ =< + o7
g(z)  g,(2) 9,(x)
jayilmasi arqali jalgiz turde anlatiladi.
Bizge belgili, qalegen g(:z:) képagzalini
keltirilmeytugin kopagzalilardin kobeymesi
g(;p) — pfl (;y) . p§2 (x) e pf (x) korinisinde jalgiz

turde anlattw mumkin. Bugan tiykarlansaq, biz joqaridag
natiyjeni uliwmalastirip,

flz) _

9(z) pf’l (z)- pgz (). p(x)
X X X
R O
p'(z)  p}(z) p, (z)
jayilmaga iye bolamiz.
Bul jayilmadag: fl(x) durts bolshekler primar
k
p,'(z)
bolshekler ~ dep  ataladi. Eger primar bolshekte
deg ﬁ(z) < deg pz(a:) bolsa, bul primar bolshekke

dpiwayr bélshek delinedi.
4-teorema. Har qanday primar duris bélshek apiwayi
bolsheklerdin qosindisi kérinisinde anlatiladi [1].

Dalil. Bizge f(z) primar bolshek berilgen bolsin.
P (@)
kopagzalim

p(z) ga qaldigh  bolsek,

(x) +fl(x) boladi. Onda

f(z)
f(@)

() q,
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ORI ACONRNC)
pi(x)  pi(@)  p()
Eger deggq,(z) < degp(z) bolsa teorema dalili kelip

shigad.  degg (z) > degp(z)  bolganda g (z)
képagzalini p(fL’) ga qaldiqh bolip,
q,(z) = p(z)- q,(z) + f,(z) ekenliginen

@) _ @) | 5@ @

piz)  pi) p() ()
tenlikti alamiz.
Bul procesti shekli marte dawam ettirsek, berilgen

racional  bolshek 4piwayr  bolsheklerdin  qosindisi
korinisinde anlatiliwi kelip shigadi:
@) _ 4@, L@ k@)
P P () p(z)

Bul teoremadan tdmendegi natiyje kelip shigadi.
2-natiyje. Qalegen duris racional bolshekti jalgiz tirde

apiwayl  bolsheklerdin  qosindist  korinisinde anlatiw
mumkin [2].
Kompleks sanlar maydaninda qalegen kdpagzali
k k,y k,
gz)=a(r—a) (z—0,) .- (z— )
korinisinde anlatilganligt  ushin, dapiwayir racional
bolshekler A kérinisinde boladi. Duris bolshektin
(fE _ Oé)k
apiway1 racional bolsheklerge jayilmasi
X
f( ): 1411 p + 1412k71+“._‘|_ A‘lk‘ +
9@)  (@—a)  (@—a)’ r—a,
+ A‘Zl A?? + . + 2k +
(x—oz2) ? (x_ag)kz_l T—aQ,
A A
++ sl p 52 — _|_+ sk
(z—a) (z—a)" T—a
koérinisinde boladi.
Hagqyqry sanlar  maydaninda  apiwayr  racional
bolsheklerdin ~ uhwma  korinisi A ham
(z—a)
Bz +C p* — 4q < 0 kériniste boladh.
(z* + pz + )
Misal 1. 1 duris bolshekti haqiyquy sanlar

(z—1)(z> +1)
maydaninda &piway1 bolsheklerge jayn[3].

Bul  bolshek A ham M apiwayi
z—1 v’ 41
boélsheklerdin qosindisina jayiladi, yagniy
1 A Bz +C
(z—1)("+1) z—-1 2°+1

Bul tenliktin eki tarepin (; —1)(2* +1) kopagzahga
kobeytsek, 1= A(z* + 1)+ (Bz + C)(z —1) tenlik pay-

da bolad. Bul jerden 4 _ 1 1 him ., _ 1 eken-
2 2 2
ligin tabiw giyin emes.
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Demek,
1 1 z+1
(z—1(z*+1) 2x—1) 2°+1)
Misal 2. 16
' +4
apiway1 bolshekler gosindist kérinisinde anlatin [3].

Bul Dbolshekti Lagranj metod:i jardeminde apiwayi
bolshekler kérinisine alip kelemiz.

[ fa fa, /e,
+ot

!/ !/
g o -0 ¢ o T—q g o

m kompleks sanlar maydaninda

gz
g = tkobeytiwshilerge ajiratamuz:

gr =x'+4=2-1—4i o—14+7 2+1—i z+1+3

hdm g x tan birinshi tartipli tuwindi alamiz:

gz =z-1+i v+1—i z+1+i + 2—1—13 -
cx4+1—1 24141+ 2—-1—0 2—141 2+1+17 +
+xz—1—¢ z—14+272 xz+1—2

Endi biz Lagranj metodinda korsetilgen tartipte har bir
kobeytiwshimizdi bolshek korinisinde jazip alamiz. Bizde

f x =16 bolganligi sebepli yagny  ozgeriwshi

qatnaspaganliqtan bolshektin alimi barliq korenler ushin 16
manisin qabillaydi.

16 _
r—1—71 z—147 z+1—7 z+1+41
16 16
-7 . —+ / . .
g 1l+i z—1—1 g 1—i z—1+1
16 16

+g’ —1+4i z4+1—7i +g’ “1—i z4+1+i
Biz « =141 korendi g/ T qa alip barp

goyganimizda, tomendegishe maniske iye bolamiz:

g 14+i = 14+i—-1+4 1+i+1—7 1+i+1+i +

+1+i-1-% 1+i4+1—2 1404147 + 14+0-1—2 -

A+i-1+0 I4+i+144 + 14+i—-1-4 1+i—-1+7 -

14+t +1—-0 =2¢-2-2 149 +0- =20 -2 144 +

+0-2-21+7 +0-2¢-2=8 —1+1

koérip turganimizday g 14+i =8 —1+4 ge teh boldu.

Tabilgan manisti 16 bolshegine alip kelip
¢ 1+i z—1-i
qoyamiz ham tomendegishe natiyjege iye bolamiz:
16

8 —1+i a—1—i
Endi bolshektin bolimindegi —1 -+ 4 sand1 tiyinlesine

koébeytip ham boélshekti igshamlap tomendegi boélshekke iye
bolamiz:
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16 2 -1-1
8§ —14i z—1—i  —14i —1—i z—1—i
R T B T
2r—-1—47 x—1—1 r—1—1i

a, — 1 — 4 koren ushin:
g 1—i =-2i-21—4-2=-8 141 -
Korip turganmmzday ¢ 1—4 = —8 144 ge ten

boldi. Tabilgan manisti 16
g 1—i z—1+4

bolshegine

alip kelip qoyamiz ham témendegishe natiyjege iye
bolamiz: 16
~81+i o—14i

Endi bolshektin boélimindegi 1 + ¢ sand1 tiyinlesine
kobeytip ham bolshekti 1gshamlap tomendegi bolshekke iye
bolamiz:

16 21—
814 a1+ —1+i 1—i a—1+i
21—14 1—3
T 21+ a-1+i
o, = —1 + ¢ koren ushin:

3
g —14+i =-2-2 —1+4+4i -21=8 1+ -
Korip turganimizday g’ —144 =8 1+ Qe ten

bold1. Tabilgan manisti 16 bolshegine alip

g —1+i z+1—1
kelip qoyamiz ham téomendegishe natiyjege iye bolamiz:
16
81+i z+1—i
Endi bolshektin bolimindegi 1 + ¢ sandi tiyinlesine

kobeytip ham bolshekti igshamlap tomendegi bolshekke iye
bolamiz:

16 21—z
8S1+i a+1—4 144 1—i a+1—i
21— 1—i
T 2a41-i z+l-i
o = —1 — ; koren ushin:

4
g —1—i =-21+4i- -2 - -2 =81—1 -
Korip turgammizday o/ 1 ; —g 1—; 9etenbold.
Tabilgan manisti 16
g —1—i z+1+43

bolshegine ahp

kelip goyamiz ham témendegishe natiyjege iye bolamiz:
16

T4+14i

81—1

Endi bolshektin bélimindegi 1 — 7 sandi tayinlesine
kobeytip ham bolshekti igshamlap tomendegi bolshekke iye
bolamiz:

16 2141
r+1412
21414

81—z 1—7 14+7 z+1+1
1+
x4+1+1i

T2 a1t

Tabilgan  manislerdin ~ barligin

tomendegishe natiyjege kelemiz:

16 1414 1—1 1—14 1+1
44 r—1—i z—14+i z+1—i z+1+i

Misal 3. ;3 1+ 927 —3 ti apiwayr racional bolshekler

ornina  qoyip

x+34
gosindist koérinisinde anlatin[3].
Sheshiw. Bul boélshektin alimmdag

f o —a® 4203 kopagzalm T+ 3 tinh darejesi

boyinsha jayamiz. Bunin ushin 4 marte Gorner sxemasin
gollanamiz.

1 0 2 -3
-3 1 -3 11 -36
-3 1 -7 29
-3 1 -9
-3 1

fr =243 —92+3 +292+3 —36 bun

berilgen bolshekke alip barip goyamiz ham tomendegishe
kériniske kelemiz:

P ror—3 o4+3 —92+3 +292+3 —36
1:—|—34 1:—{—34
1 9 29 36
= 3_ s+ 3 1
z+ z+3 z+3 z+3

Juwmag. Juwmagqlap aytqanda, racional bolsheklerdi
en apiwayr bolsheklerge ajiratiw teoriyast matematikanin
turli tarawlarinda, asirese integral esabi ham kompleksli

sanlar menen islesiwde bekkem fundament bolip
xizmet etedi. Maqgalada korip shigilgan 4-teorema
ham onnan kelip shigatugin natiyjeler qalegen

duris racional bodlshektin birden-bir apiwayr boélshekler
gosindist tarinde korsetiliwin tastiyiqlaydi. Sonday-aq,
Lagranj metodi ham Gorner sxemast siyaqli ameliy
usillar quramali esaplawlardi operativ tarde ormlaw
imkaniyatin beredi. Bul bilimlerdi iyelew — bolajaq
qaniygelerdin analitikaliq oylaw gabiletin arttiriwda ham
matematikaliq apparattan erkin paydalamiwinda tlken
ahmiyetke iye.
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