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Rezyume. Ushbu magolada matritsaviy analizda kiritilgan bazi differensial operatorlarning nazariy asoslari tadqgiq
etiladi. Matritsa argumentli funksiyalar uchun differensial operatorning aniqlanishi, uning matritsaviy ko‘rinishi hamda
chiziqli kasrli almashtirishlarga nisbatan invariantlik xossalari o‘rganiladi. Shuningdek, matritsaviy sohalarda aniqlangan
Laplas operatorining umumlashtirilgan ko‘rinishi va uning garmonik funksiyalar nazariyasidagi ahamiyati yoritiladi.

KiaroueBble cioBa: MaTpuyHbI aHanm3, aupdepeHIuansHBIN omeparop, omeparop Jlamnaca, WHBapHaHTHOCTB,
MaTpU4HAs 00JIaCTh, TApMOHIYECKAs (PYHKITHS.

Pe3rome. B nmaHHO# cTatbe wmccienyrorcs TudQepeHIHanbHbIE ONEpaTopsl B paMKax MaTPUYHOTO aHaJU3a.
PaccmarpuBaercs omnpenenenue nuddepeHInaIbHOro oneparopa sl GyHKIUH MaTPUYHOTO apryMEHTa, €r0 MaTpUJHAs
¢dopma, a TakKe WHBapHAHTHBICE CBOHCTBa OTHOCHTEIBHO JHHEHHO-APOOHBIX TpeoOpazoBanmil. Ocoboe BHHMaHHE
yaemnsiercss 0000mEHHOMY orieparopy Jlamraca Ha MATPIYHBIX 00JACTSAX U €r0 PO B TEOPHH TAPMOHIYECKUX (PYHKINH.
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Summary. This paper investigates differential operators within the framework of matrix analysis. The definition of
differential operators for matrix-valued functions, their matrix representation, and their invariant properties under linear
fractional transformations are studied. Particular attention is paid to the generalized Laplace operator on matrix domains
and its significance in the theory of harmonic functions.

Kirish. Differensial operatorlar matritsaviy analizning  matritsalardan iborat. Xususiy holda, M=N bo‘lsa G,
muhim tushunchalaridan biri bo‘lib, matritsa argumentli
funksiyalarni o‘rganishda asosiy vosita hisoblanadi. Ko‘p
o‘lchamli  matematik  modellarni  tahlil  qilishda
differensiallash ~ jarayonini ~matritsa  o‘zgaruvchilarga  ega va bir jinsli soha hisoblanadi, ya’ni G, to‘plamning har
nisbatan aniglash zarurati yuzaga keladi. Ushbu magolada iy nuqgtasini, R, sohadagi boshlang‘ich
matritsaviy  analiz  doirasida  kiritilgan  differensial !
operatorlarning tuzilishi, ularning matritsaviy ko‘rinishi
hamda chizigli kasrli almashtirishlarga nisbatan invariantlik  tegishli boshqa nuqtalarga o‘tkazish mumkin.

ostov - [mxm] tartibli unitar matritsalar to‘plami bilan
ustma-ust tushadi. G, ostov m(2n —m) haqiqiy o‘lchovga

nuqtani

o‘zgartirmaydigan akslantirishlar yordamida, G, to‘plamga

xossalari tadqiq etiladi. Shuningdek, matritsaviy sohalarda Agar m=n bo‘lsa, % - soha C[mxm] fazodagi
aniglangan Laplas operatorining umumlashtirilgan shakli va  matritsaviy doira deyiladi.
Asosiy gism. Ushbu elementlarining yig‘indisi.

R, ={Z eC[mxn]: 1M -22" >0} P(z,U) - Puasson yadrosi bo‘lib klassik sohalar

soha, (Kartan tasnifi bo‘yicha) birinchi tip klassik soha  geometriyasida garmonik analizni va invariant metrikalarni
deb nomlanadi. Bu yerda 1™ - birlik [mxm]- tartibli ifodalovchi asosiy yadro funksiyasidir.
Birinchi navbatda biz Xua Lo-Kenn differensial

" * o . ' : .
matritsa, Z — matritsa esa transponlrlangan Z matritsaning operatorini keltiramiz [3:116].

kompleks qo‘shmasi, 1™ —ZZ" >0 tengsizlik 1™ —zZ"
- ifoda Ermit matritsasining musbat aniglanganligini ya’ni

L. S : 0 0
barcha xos sonlarining musbat ekanligini anglatadi [3:9]. = B
Birinchi tip klassik %R, soha MN - kompleks o‘lchovli, Zu G | (1)
to‘la doiraviy, chegaralangan va gavariq soha hisoblanadi e
[3,4]. 6 .9
R, sohaning ostovi (Shilov chegarasi) G, to‘plam 02y OZpy,

UU” = 1™ shartni ganoatlantiruvchi U —[mxn] - tartibli
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Ushbu T, - sistema ¢z, sohaning akslantirishlar guruhi

bo‘lsin ([1]). Bunda I’ -
dan iborat:
W =(AZ +B)(CZ +D)* = (zB'+A)*(ZD'+C")  (p

Bunda A - MXxM matritsa, B - MxN matritsa, C -
NxMm matritsa, D - N xN matritsa bo‘ladi. Bu matritsalar

sistema quyidagi akslantirishlar-

AA"-BB =1, AC'=BD", CC'-DD"=-1, (3)
shartlarini ganotlandiradi, ularni
A'A-C'C=1, AB=C'D, BB-D'D=-1I (4)

ko‘rinishida ham yozish mumkin.

(2) ko‘rinishidagi akslantirishlarning o‘z-ora tengligi (3)
va (4) nisbatlardan quyidagicha isbotlanadi:

(ZB"+A")(AZ+B)=(ZD" +C")(CZ +D) =
& ZB'AZ+7ZB'B+A'AZ+AB=ZD'CZ+ZD'D+CCZ+C D&
«Z7ZB'AZ -ZD'CZ+ZB'B-ZD'D+AB-C'D=0<
< Z(B'A-D'C)Z+Z(B'B-D'D)=0

Endi (2) ni differensiallasak, u holda (3) shartga ko‘ra

quyidagiga ega bo‘lamiz:

W =[ A(CZ + D)™ -(AZ +B)(CZ + D) °C) ]dZ =
=[A-(AZ +B)(CZ+D)'C]dz(CZ+D)"'=
=[A-(zB"+A)*(zD" +C")C|dz(CZ + D) " =
=(ZB"+A")*[(2B"+A)A-ZD'C-C'C]dZ(CZ +D) " =
=(ZB +A'){(ZB'A+ A'/A—ZD'C—-C'C)dZ(CZ+ D) =
=(ZB +A)*dz(CZ+D)™
Agar akslantirishni
W, = (AZ, +B)(CZ,+ D)™
ko‘rinishda belgilasak, u holda quyidagi
| -WW =1-(2C"+D") (A" +B")
(AZ +B)(CZ+D) " =
=(z;c’+D") [(zic'+D’)(cz+D)-
~(zA +B) (AZ+B)|(CZ+D) " -
=(z;c"+ D*)’1 [zl* (CC-AA)Z+Z;(C'D-AB)+
+(D’C-B'A)Z+D'D-B'B|(CZ+D) "=
=(z;c'+D") (1-zZ)(cz+D) ™. )
yoki
| -WW," =1 —(ZB"+A")*(ZD"+C")(DZ, +C)(BZ, + A)* =
=(ZB"+ A)[(ZB"+ A)(BZ, +A) -
~(ZD"+C")(DZ;" +C) |(BZ, +A) ™ =
=(ZB"+A)*[ZB'BZ; +ZB'A+ A'BZ, + A'A-
~ZD'DZ, -ZD'C-C'DZ, -C'C |(BZ, +A) " =
=(zB"+ A*)’l[z (B'B-D'D)Z, +Z(B'A-DC)+
+(AB-C'D)z, +AA-C'C|(BZ +A) =
= (ZB"+A) (1 -22,)(BZ, + A" (6)
tengliklarga ega bo‘lamiz.
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Agar,

A, =(1-22"),(1-2"2)3,’,
deb belgilash kiritsak, biz quyidagiga ega bo‘lamiz:

A, =1 -WW"3, (I ~-W'W)3, =
=(ZB" +A) (1 -Z2Z")(BZ" + A *(BZ" + A)d,
=(Z'C+D)(Z'C+D)'(1-272)
(CZ+D)™*(CZ+D)d,(ZB" +A") =
=(ZB"+A) A, (ZB +A).

Ta’rif 1 [3:117]. Operator Sp A, - %, klassik sohaning
Laplas operatori deyiladi.

Bunda Sp - ifoda A, matritsaning diagonal elementlari
yig‘indisi.

E’tibor berish kerakki, éz (1- Z*Z) ifodasi fagat
matritsalarni  formal  ko‘paytirishni
(I —Z"Z) matritsa elementlari differensiallanmaydi. Sp A,
operatorining  batafsil yozuvi quyidagi ko‘rinishga ega

[(@)]:
33 (0-Faz]

i,j=1p.y=1

anglatadi, ya’ni

Spa,

2

0
( by szﬁzkyjaz a,,

Bu ifoda Laplas operatorining (2) ko ‘rinishidagi
O‘zgarishlar  orqali ekanligini, yani R,
sohasidagi akslantirishlar guruhiga nisbatan invariantligini
ko’rsatadi.

Ta’rif 2. Agar haqigiy giymatli u(z) funksiyasi
SpA, -u=0 tenglamani ganoatlandirsa, u holda u(z)

invariant

funksiyasi iRl sohasida garmonik funksiya deb ataladi.
Ravshanki, garmoniklik xossasi T, sistemaga nisbatan

invariant. Garmonik funksiyalar to‘plami chizigli.
Ta’rif 3. %, da G, da uzluksiz bo‘lgan garmonik

funksiyalar to‘plamini $ sinf deb ataladi.

Endi klassik saholar uchun Puasson yadrosini ko‘rib
chigamiz [3:98].

U €G bo’lsa, R, uchun
1 [det(1-22")]"

|det(| -

Bunda V( ) [3: 93] bo‘yicha birinchi tip klassik

sohaning ostovi hajmi va u quyidagi korinishda ifodalanadi:

n(n+1)
v (G, ) =

(27) *
2t (n-1)r
Xususan, m=n bo‘sa quyidagicha yozish mumkin
det(1 —2z")]"
P(ZU)=—— Lot Z)H] .
V(G,) |det(z-U)|

Agar m=1 bo‘lsa C" kompleks fazodagi Puasson
yadrosi kelib chigadi [5].

P(Z,U)=
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Teorema 1. Agar G, dagi U ni (2) akslantirish

yordamida V ga (V€ G, ) akslantirilsa, u holda

ROW.V)=PR(Z,U)|det(BU" +A)".

tenglik orinli.
Isboti. (5) va (6) dan kelib chiqib,

W =(z8"+A")"(zD +C"), V =(UB"+ A} (UD"+C"),

| -WV"=1-(zB"+A") (2D +C")
(DU"+C)(BU" +A) =
=(zB"+ A*)’l[(ZB* +A)(BU" +A)-

~(zp" +¢")(DU" +C)](BU* +A)’
—(zB"+A") '[ZB'BU" +ZB'A+ A'BU" +
( )'[

+A'’A-ZD'DU"-ZD'C-C'DU" —C*C](BU* + A)’l

=(z8"+A) [2(8'B-D'D)U" +
+Z(B'A-D'C)+(AB-C'D)U + A'A-CC |
(BU"+A)
=(zB"+A) (1-2U")(BU +A) .
(1-wv7)”

=(BU" +A)(1-2U") " (zB" + A).

| -VW" =1-(UB"+A") (UD" +C")

(Dz"+C)(BZ +A) =

=(UB"+ &) [(UB"+ A)(BZ +A)-

—(UD*+c")(Dz"+(:)](Bz*+A)’l
—(UB"+A") '[UB'BZ + A'BZ" +UB A+
( ) [

+A"’A-UD'DZ" -UD'C-C'DZ" —C*c](Bz* + A)'l
= (UB* + A*)’l [U (B*B - D*D)z* +(A*B —C*D)z* +

+U"(B'A-DC)+ AA-C'C|(BZ +A)"
=(UB"+A") (1-UzZ")(BZ +A) .
(1-vw) " =(BzZ" +A)(1-UZ") " (UB" + A").
(1) () 1)
=(BU" +A)(1-2U") " (zB"+A")(zB"+A)
(1-zz")(Bz" +A) " (BZ + A)(I UZ) (UB"+A)=
=(BU" +A)(1-2U") " (1-UZ") " (UB"+ A").

Demak,
[aet(1 -ww")]" _[aet(1-22') J\det BU” -+ A)[”
det(1-wv )" fdet(1-zu")” |

Agar m=1 bo‘sa C"
tenglik] munosabatga ega bo‘lamiz.

kompleks fazodagi [2:36, (2)

Teorema 2. P(Z,U)- Puasson yadrosi %, sohada G

sinfga tegishli emas garmonik funksiya boladi.
Isboti. Dastlab Z=0 bo‘lganda (SpA, )R(Z,U)=0

bo’lishini isbotlaymiz.
Z=(z.), U =(uy,),
(50, )R(ZU), ,=50(3. &%) R(Z.U)

155<m, I1<a=<n.

Z=0 Z=0

[det(1-22")] |
o [det(1-20")(1-uz")]

.iz:{aza: [det(l —ZZ*)}n +

7=0

=0.

Z=0

R

=1 k=1

Endi bu teoremani xususiy m=2, n=2 holatini ko‘rib
chigamiz.

Bizga 7 :(Zn leJ va UU" =1 shartni ganoatlan-
zZ

21 Z22

tiruvchi :[Un Ulz} matritsalari berilgan bo‘lsin.

Uz1 u22
szi . [det(1-22)] | _
=l a=1 6710:621“ [dEI(I _ZU*)(I _UZ*)]Z ‘z:o _
Pe [det(l —ZZ*)]Z

V(e {67116211 [det(l —zuT)(1 —UZ*)T

. [det(1-22")]
L — +

+(f126212 [det(l —ZU*)(I _UZ*)]Z =0

+

Z=0

pe det(l A ) T
8‘216221 [det(l —7U )(l -uz )Jz

2 [det(1-22")]
0Z,,01,, [det(| ~zZu')(1 —Uz*)]zz:0

Hisob-kitoblarni soddalashtirish magsadida biz Z=0
nugtadagi garmoniklik shartini tekshiramiz. Ma’lumki,
Puasson yadrosining Z=0 nuqtadagi Laplas operatorini
hisoblaganda, funksiyaning Teylor yoyilmasidagi to‘rtinchi
va undan yuqori tartibli hadlari, shuningdek, fagat Z yoki
Z ga nisbatan chizigli bo‘lgan hadlar ikkinchi tartibli
differensiallash va Z=0 giymatni qo‘yish natijasida nolga
aylanadi.
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+

Z=0




%([det(l —zz*)]z)

ja % ja

Z=0
2

2 1_(|211|2 +|212|2) _(211721 + 212722)
= det =

ja ™" ja _(221711'*'222712) :I-_(|221|2 +|Zzz|2)

0? 2 2
= oo | {ll )
2
[1_(|221|2 + |222|2)} _(211721 + Z12722 )2} z=0—
0? 2
= m[l—“znf +|le|2 +|221|2 +|222|2)J

82
- m[l—zﬂznf +|212|2 +|221|2 +|222|2)J

= 1123127
oz,,01,, P

%[det(l —zu*)]2

ja™ " ja

Z=0

Z=0

Z=0

Z=0

Z=0

82
a0,

0’ [ i
=——[1+2 7,0,
0z,,0z;, =} Y

|:1+ 2 ( leUll + ZIZUZLZ + Z21621 + 222U22 )]

Z=0

0? -
—57,@32,-& [det(l ~uz )J 2

Z=0
82

= . o [1"' 2 (ullzll HUppZy, + Uy Zp) + Uy 7 )] =
ja % ja

Z=0
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2 ( i
=——[1+2> u,7,
0z,,0;, K Y

Natijada quyidagi tenglikka ega bo‘lamiz:

y 5 22 [det(I—ZZ*)]Z ‘
) 5=z, [det(l—ZU )('-UZ*)J2 220
2 2
JZ:; 8_ 82 - ZﬂZk:l‘Zkﬁ‘ "

Z=0
= _8+4(U11 Uy Uy + Uy ) (Uyg + Uy, Uy +Uy, ) = 0.

R, sohaning [, sistemaga nisbatan tranzitivligi va
1-teoremaga asosan R, sohaning ixtiyoriy ichki nugtasi

uchun teoremaning tasdig‘in olamiz. 2-teorema isbotlandi.
Xulosa. Ushbu magqolada birinchi turdagi &, klassik

sohalari uchun differensial operatorlar, xususan, Beltrami-
Laplas operatorining matritsaviy ko‘rinishi va uning izi
(spAZ) atroflicha tadqiq qilindi. Tadgiqot davomida

Puasson yadrosining garmoniklik xossasini isbotlash uchun
yadro funksiyasi murakkab matritsaviy differensiallash
goidalari asosida tahlil gilindi. n=2 xususiy holatida amalga
oshirilgan hadma-had differensiallash jarayoni shuni
ko‘rsatdiki, operator tarkibidagi metrika elementlari va
yadro yoyilmasidagi kvadratik hadlar o‘zaro muvofiq kelib,
Puasson  yadrosining  garmoniklik  shartini  to‘lig
ganoatlantiradi.  Olingan  natijalar ~ Puasson  yadro
teoremasini nafagat nazariy jihatdan tasdiglaydi, balki
matritsaviy sohalarda Dirixle masalasini yechishda
differensial operatorlarning fundamental ~mexanizmini
ochib beradi.
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