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REZYUME

Mazkur magolada to‘rt o‘lchamli Li bo‘lImagan filiform Leybnits algebralarining ichki lokal differensiallashlari o‘rganilgan.
Fl(a‘“g) algebrasining har bir lokal ichki differensiallashi ichki differensiallash ekanligi isbotlangan.

PE3IOME

B craTbe M3yueHsBI JIOKaNbHbIE BHYTpeHHHE TU(depeHIupoBaHns YeTHIpeXMEPHBIX GHIHN(OPMHBIX He JMEeBHIX anredp JleiOnuna.

JlokazaHO dYTO, BCSAKOE JIOKAIBHOE BHYTpEHHEEe IU(PQepeHIUpOBaHUE anreOpsl

Fl(a4,0) KpoMe ciydas =0+0 sBmstercs

BHYTpeHHUM JuddepeHnIupoBaHneM H B Ciydae a,=0#0 Ha anredpe Fl(a4,¢9) CYLIECTBYET JIOKAJIbHOE BHYTPCHHEE

nudepeHINpOBaHNE KOTOPOE HE ABIACTCS BHYTPEHHUM IU(PPEepeHIUPOBAHUEM.

SUMMARY

In this article, local inner derivations are studied of four-dimensional filiform of non-Lie Leibniz algebras. It is proved that every lo-

cal inner derivation of the algebra Fl(a4,9) is an inner derivation.

LOCAL INNER DERIVATIONS ON THREE-DIMENSIONAL LIE ALGEBRAS
A.K.Alauadinov — doctor of Philosophy in Physical and Mathematical Sciences
Karakalpak state university name after Berdax
Ch.l1.Jumaeva — master
V.I1.Romanovskiy institute of Mathematics Uzbekistan Academy of Sciences

Tayanch so’zlar: Li algebrasi, differensiallash, ichki differensiallash, lokal ichki differensiallash.
KoroueBsbie cioBa: anredpa JIu, muddepennmarys, BHyTpeHHss auddepeHnunaryis, JJoKaIbHas BHYTpeHHs TuddepeHnnanys.
Key words: Lie algebra, derivation, inner derivation, local derivation, local inner derivation.

1. Introductions. Currently, various types of deriva-
tions over algebras are being studied, for example, deriva-
tions, local derivations, 2-local derivations, almost inner
derivations, etc. Local derivations were first considered in
the work of R. Kaidison in 1990 [10] and, independently in
the work of D. Larson and A. Surur [11]. In these papers,
some conditions are indicated under which local derivations
is derivations. R.Kaidison's paper considered local deriva-
tions on von Neumann algebras and in some polynomial
algebras. L.Molnar [12] introduced the definition of local
inner derivations on standard operator algebras.

The first results concern to local and 2-local derivations
and automorphisms on finite-dimensional Lie algebras over
algebraically closed field of zero characteristic were ob-
tained in [2, 3, 5] and [7]. Namely, in [5] it is proved that
every 2-local derivation on a semi-simple Lie algebra L is a
derivation and that each finite-dimensional nilpotent Lie
algebra with dimension larger than two admits 2-local deri-
vation which is not a derivation. In [2] the authors have
proved that every local derivation on a semi-simple Lie
algebras is a derivation and gave examples of nilpotent fi-
nite-dimensional Lie algebras with local derivations which
are not derivations. Concerning 2-local automorphism,
Z.Chen and D.Wang in [7] prove that if L is a simple Lie
algebra of type A, D, or Ey, (k = 6,7,8) over an algebraical-
ly closed field of characteristic zero, then every 2-local au-
tomorphism of L is an automorphism. Finally, in [3]
Sh.A.Ayupov and K.K.Kudaybergenov generalized this
result of [7] and proved that every 2-local automorphism of
a finite-dimensional semi-simple Lie algebra over an alge-
braically closed field of characteristic zero is an automor-
phism. Moreover, they show also that every nilpotent Lie
algebra with finite-dimension larger than two admits 2-local
automorphisms which is not an automorphism. Local auto-
morphisms of certain finite-dimensional simple Lie and

Leibniz algebras are investigated in [4]. Almost inner deri-
vations of Lie algebras were introduced by C.S. Gordon and
E.N. Wilson [8] in the study of isospectral deformations of
compact manifolds. Almost inner derivations of nilpotent,
some solvable Lie algebras and some nilpotent Leibniz al-
gebras were studied in the papers by [6] and [1].

2. Preliminaries. To begin with, recall the definition of
Lie algebras.

Definition 2.1. An algebra L over field F is called a
Lie algebra if its multiplication satisfies the identities:

1) [x,x]=0,

) [xly. 2l+[y.[z. x]]+[z[x y]]=0.

forall X,y,Z in L.

The product [X, y] is called the bracket of X and Y.
Identity 2) is called the Jacobi identity.

Let L be a finite-dimensional Lie algebra. For Lie al-

gebra L we consider the following central and derived
series:

=L, I =[|_“1,L], i>1
=L, 09 2108, 109T >,

A Lie algebra L is nilpotent (solvable) if there exists
m>1 suchthat L™ =0 (L™ =0).

Definition 2.2. A derivation on a Lie algebra L is a lin-
ear map D:L — L which satisfies the Leibniz rule:

D([x, y]) =[D(x), y]+[x, D(y)] 21
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forany X,y € L. The set of all derivations of a Lie algebra
denoted by Der(L). Let @ be an element of a Lie algebra
L. Consider the operator of ad,:L—>L defined by
ad, (x) =[x,a]- This operator is a derivation and called
inner derivation. The set of all inner derivations of a Lie
algebra denoted by InDer (L) -

Definition 2.3. A linear operator A is called a local
derivation if for any X e L, there exists a derivation
D,:L— L (dependingon X) such that A(x)=D,(X).

Definition 2.4. A linear operator A is called a local in-
ner derivation if for any X e L, there exists a inner deriva-
tion adX ‘L—>L (depending on X) such that
A(x)=ad,(X).

We present the following theorem which gives a classi-
fication of arbitrary three-dimensional Lie algebras.

Theorem 2.1. [9]. An arbitrary three-dimensional Lie
algebra is isomorphic to one of the following algebras:

L, : abelian;

Ll[el'EZ]:eg1

L, :[e.e,]=¢;

L, :[e.e,]=¢e,.[e.6]=¢, +€;
L,:[e.e,]=¢&,[e.6]=1e,2eC" | AL
Ls:[e.e] =6 [e,6] =28, [e, 6] =28,

3. Main results. In this section we will consider local
inner derivations of three-dimensional Lie algebras.
The following theorem is the main result of this work.

Theorem 3.1. Any local inner derivation on three-
dimensional Lie algebras is an inner derivation.

Proof. We will check whether the local inner deriva-
tions of these six algebras are inner derivations.

The algebra L. First, consider the algebra L from

Theorem 2.1. Inner derivations on the algebra | are zero.

Therefore, any local inner derivation is also zero.
For the algebras L and L, we check the equality

A(e)=ad, (¢) (i=12,3)forthe basis {e,,e,,e,}-

The algebra L. For x= Zslxiei el, exists element
a= i%ei e L, such that )
adal(:>1<) =[x, a]=[xe +Xe, +Xg, ae +ae, +ae]=
=(xa, - x.a)e;

Hence, matrix of the inner derivations of L, has the
form

0 0 O
ad={0 0 O
a, —a 0

Let
&, &, &,
A=|a, a, a
a4 & &
the local inner derivation of algebra |_1
By definition of local inner derivation, checking the
equality A(ei):ade, (ei) (i =1,2,3) for the basis {e,.e,,e,}
we obtain the following:
oFor €: A(e)=a6 +a,e +ae,, ad, (e,)=a"e,-
Comparing the coefficients of the basic elements, we have
—a — — a@).
a11_a21_0’ a31_a2El '
o For €,: A(ez) =a,6 + 3,6, +a,€,,
ad, (e,)= —a*)e,. Then we get
— — _ _ o).
a,=0,a,=0a,=-a"
oFor €;: A(g,)=a,8 +a,e, +ae,;
ad, (es) =0. Then we obtain

3.1

23

8, =a,=a,=0.
Then (3.1) has the following form
0 0 O
A= 0 0 0]
a, a, 0

From the last obtained we have
Ale)= ale,, Ae,)= —a/*Je,. Since, operator A is lin-
ear, then
A(X) = A(XE + X8, + X&) = (a*x, —al*'x,)e,.
This means that the operator A is an inner derivation.
The algebra L2 . Repeating the previous technique for

this algebra, we get that inner and local inner derivations
have the following forms respectively

a —a 0 a, a, 0
ad=({0 0 0], A= 0 0 O]
0 0 O 0 0 O

This means that the operator A is an inner derivation.

Note that in this algebra, every local inner derivation is
an inner derivation.

For the algebras L, and L,, we check the equality of

A(x):adx(x) for values of X equal to e ,e,,e, and ¢, +¢,

The algebra L,. Let y =ix_e_ el Then for element
i=1
Xe L3 exists element g — iaie_ el such that
i=1

ad, (x) =[x, a] =[x +X,e, + X.&;, 8,8, + a,e, +a,e; | =
= (X1a2 X8 — X8 _Xaai)ez +(X1a3 _Xsai)es-

Hence, matrix of the inner derivations of L3 has the
next form

0 0 0
ad=|a,+a, -8 -3
a, 0 -a
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Let
8; a, daj
A=lay, a, ay|
8y 8y Ay

the local inner derivation of the algebra L, .
Checking the equality of A(x):adx(x)for values of
X equalto e ,e,,e, and e, +e,, we obtain the following:
e For e A(e)=a.e +a,e +a.e,,
ad, (e,)=(a" +a* )e, +al*e, and so
a,=0a, = ag%) "’aéel)’ & = aéel)-

o Fore,: A(ez):alzeﬁ'azzez +a5€5,

— (e2)
ad,, (&;)=-a,"e,. Then we get

a,=0a, =_a1(82)va32 =0.
o Forg;: A(es) = Q36 T 86 + 85585,
ad, (&) =—al”%e, ~a", Then we obtain
a,; =08, =a,= _ai(eg)-
oFor g, +e,: Ale,+e;)=(a, +ay)e, +a5e,,
ad, ., (e, +&,)=—2a"e, —a*"*e, and

&,y = 8ys-
Then local inner derivation of the algebra L, has the

following form

0O 0 O
A=la, a, a,
a5 0 ay,

This means that the operator A is an inner derivation.
The algebra L,. As in the case of algebra L, it is

shown that

0 0 0 0 0 0
ad=|a, -a 0 |, A=l a, a, O
Aa; 0 —Aa 2% 0 Ja,

This means that the operator A is an inner derivation.
3
The algebra L. Let X = ZXiei € L, - Then for ele-
i=1
3
ment X e L exists element g = za_e_ el such that

i=1

ad, (x) =[x,a] =[x, + X,&, + X;&;,8,8, + 3,€, + a8, | =
= (2%, - 2%, )¢, +
+(2%,8, — 2%, )&, +(Xa, — X, )&,.

Hence, matrix of the inner derivations of L5 has the

form
-2a, 0 2a
ad=| 0 2a, -2a,|
a, -a O

Let
8, a, aj
A=lay, a, ayg|
8 8y Ay

the local inner derivation of algebra L, .

Checking the equality of A(x) = adx(x) for values of
X equal to e ,e,,e,,€ +6€,,6 +€; and e, +e,, we obtain
the following:

o For € A(el):ailel+a21€2+a31e3’
ad, (e,)=—2a{*e, +aj*e,. Comparing the coefficients of
the element e, , we have
a, =0.

A(ez) = ;6 T 8,6, + 8585,
ad, (&)= 2al*)e, —al*)e,. Comparing the coefficients of

o For g,

the element €, we have
a, =0.

e For g,: A(e;) =28, +a,e, +aye,,
ad, (e,) =2a)e, —2a*e,. Comparing the coefficients of
the element €, , we have

a, =0.

eFor g +e;: A<el +ez) =a,6 +ay6 +(a31 +a32>e3’
ad, . (&+€,)= —2al**®)e, +
+2al""%e, + (agel*ez) —a(a®) )e3. Comparing the coeffi-

cients of the elements €, and €, , we have
a, =—2a,, a,, =2a, i.e. a,, =—a,,.
eFor e +e,;: Ae +e)=(a,+a;)e +ae, +a,8;,
ad, ,, (e, +e,)= (Zal("’l*%) —2a*) ) e, —2al""e, +al* e,
Comparing the coefficients of the elements €, and e, we
have
Ay =—28,,8, =4, 1.6. a,, =—2a,,.
e Fore, +e:
A(ez +es) = a6 +(_an +a23)ez + 85,65,
ad, ., (e, +e,)=2a"""e +

€,+€3

Comparing the coef-
+(2a§e2+e3) _ 28‘£e2+e3))e2 _ al(e2+e3)es.

ficients of the elements e1 and e3 , we have

83 =288, =8 1. 8y =28,
Then local inner derivation of algebra L5 has the fol-
lowing form

a; 0 _2332
A=| 0 -a, -2a, |
ay a8, 0

This means that the operator A is an inner derivation.
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REZYUME
Ushbu magqolada biz uch o‘Ichovli Li algebralarining mahalliy ichki hosilalarini o‘rganamiz. Biz uch o‘Ichovli Li algebralarining har
ganday mahalliy ichki hosilasi ichki hosila ekanligini ko‘rsatamiz.
PE3IOME
B 3T0ii cTaThe MBI HCCIIeyeM JIOKANIbHbIE BHYTpeHHHE MuddepeHIIMpoBaHys TpeXMepHBIX anredp JIn. Mbl mokasbiBaeM, 4To Jirodoe
JIOKaJbHOE BHYTpEHHEe TU(epeHINpOBaHNE TpeXMEepHBIX anreOp JIu apnsercs BHyTpeHHHM Au(HepeHIUPOBAHUEM.
SUMMARY
In this paper we investigate local inner derivations of three-dimensional Lie algebras. We show that any local inner derivation of
three-dimensional Lie algebras is an inner derivation.

YK 517.91/943
O IIOCTPOEHUU ACUMIITOTUYECKUX PEIIEHUA CUCTEMbI HEJIMHEMHBIX
JA®PEPEHIUAJIBHBIX YPABHEHUI C MAJIBIM IAPAMETPOM ITIPHA ITIPOU3BOTHbBIX
C IEPEMEHHBIM OTKJIOHEHUEM APIT'YMEHTA
A.T'.AnnieB — KaHoudam Qu3uKo-mMamemamuyeckux HayKk
JDrcuzaxckutl 20cy0apcmeentbitl nedda2oeudecKuti UHCHUmMym
HI.A.AnuieB — npenooagamerns

LDicuzaxckuti nonumexHu4eckuil UHCmumym
TasHu cy3map: Bekrop, Teinop, TeHriama, Ko3QOUIMEHT, W3, aCUMITOTHKA, AuddepeHIran, TH3UM, PaCMUi, mapyaiaHulll,
KeTMa-KeTIIMK, CEKHH y3rapyBUaH.
KoroueBbie cioBa: Bektop, Teinop, ypaBHeHHs, KO3(QQUIMEHT, KOpEeHb, aCHMNTOTHKA, auddepenran, cucrema, GopMabHBIi,
Pa3noKEHHs, PSI, MEAJICHHO MEHSIOIHIACSL.
Key words: vector, Taylor, equation, coefficient, root, asymptotics, differential, system, formal, expansion, series, slowly changing.

Pacevorpimy crcteny P(e,x,£)= P(e,X)x (0< £ < £, ] tae P(z, ) nexo-

TOpast 001acTh MPOCTPAHCTBO MEPEMEHHEBIX ( 7, X ), Heorpa-
HUYEHHO nuddepeHInpyeMEl;

2
e 9% A e B(r, )

“x{t-Alr)e)
- a’xit ?(T’g +gf(r,x,5)(1)
dt dt

rae X(t,g), f —n—MepHBIE BEKTOPHI, A(z',g), B(T,E)—
JIeHICTBUTEIIbHBIE (nxn) MaTpULBL A(T)ZO, HNEPEMEHHEBIE
0<r=¢ <L <+o0o—memanennoe
& >0 mansle mapameTps.

B [1] paccMOTpeHBl acCUMNOTOTHYECKHE DPA3IOKEHUS
peIeHni CUCTeMBI JHHEHHBIX AuddepeHnnanbHpIX ypas-
HEHUH NEPBOr0 NOPSAJIKa HEUTPAJIIBHOTO THUIIA, KOIA XapakK-
TEPUCTHUYECKOE YpaBHEHHE MMEET OTIMYHAs OT HYyJS KOp-
HA.

B mHacrosmeit pabore paccMmarpuBaeTcs BOMIPOC TIO-
CTPOCHHUS pemieHnsl CUCTeMBI (1) mpu HaTUYMu HyJIEBOTO
KOpHsI ypaBHeHus (3), T.e. TaK Ha3bIBACMbIi KPUTHUECKUH
ciy4aii [2,3]. Orot cirywait i cuctemsl Buaa (1) B mure-
paType He paccMaTpUBalach.

Teopema 1. ITycTb BBINOJIHAETCS YCIOBHUSA:

a) MaTpUIBI As(z'), BS(T) (S =0,l,...) U QyHKUUs
A(z)>0 npu Z'E[O, L], a BEKTOp f(r,x,g) B 00J1aCcTH

OTKJIOHCHWA, BpEM,

6) npu 7 <[0,L], w,(r)=0, Rewq(z')SO q=2n;
B) (y/,Al(z')go);t 0, (l//,Al(z')w);t(!//, fx(r)q)), vreloL] (4)
rme Q€ N(AO(T)), v e N(Ag(z'))— Ag(‘[)—KOM-

IIEKCHO CONpsUKEHHAas MaTpuia K wmartpuie A (7)

(cm[3,4]). Torma ypaBaenne (1) umeer dopMaabHOE YacT-
HOE pelieHne Buaa

x(t,g):i,usus(r),yzx/z (5)

Teopema 2. ITycTb BEINOJIHAETCS YCIOBHE a TEOPEMHI 1,
a TaKXkKe MaTpuIa Ao(z-) UMEET TMOJIyIIPOCTOE HYJIEBOE

cOOCTBEHHOE 3HaueHHe kpatHocTh P <N (mpu P =n
MaTpuIa AO(T)EO). Torma cucrema (1) umeeT perieHue

Buna (5).

Teopema 3. Eciti BbITIOJIHSETCS YCIIOBHE @) TEOPEMSHI 1,
U XapakTepuctuieckoe ypaBHeHue (3) cucremsl (1) umeer
OJIUH HYJEBON KOPEHb KPAaTHOCTH N,C KOPHEBBIM IOANPO-




