Ilim ham jdamiyet. Xe2.2022

TABIYIY HAM TEXNIKALIQ ILIMLER

JIOKAJIBHBIE BHYTPEHHHUE JU®O®EPEHIIMPOBAHUA YETBIPEXMEPHDbIX
OUINP®OPMHBIX HE JIMEBBIX AJITEBP JTEMBHUIIA
A K. AJlayaquHoB — 00kmop unocoduu no Guzuxo-mamemamuyeckum Haykam
Kaparxannaxckuii 2cocyoapcmeennuiii ynugepcumem umenu bepoaxa
Hucmumym mamemamuxu umenu B.H.Pomanosckoeo Akademuu nayk Yzbexucmana
3.K.CyaraHoBa - mazucmpanm

Kaparxannaxckuii 2cocyoapcmeennuiii ynugepcumem umenu bepoaxa
Tayanch so‘zlar: Libnits algebrasi, differensiallash, ichki differensiallash, lokal ichki differensiallash.
KuiaroueBbie cioBa: anrebpa Jleitbuui, auddepeHunpopanre, BHyTpeHHee anddepeHunpoBanme, JoKalbHOe BHYTpeHHIe audde-

pEeHLUpPOBAHUE.

Key words: Leibniz algebras, derivation, inner derivation, local inner derivation.

1. BBenenue. J.Monnap [15] BBen ompeneneHue Jo-
KaJbHBIX BHYTPEHHHX NU(QepeHINpPOBaHIA Ha CTaHAAPT-
HBIX OTICPAaTOPHBIX alredpax.

JlokanbHble U 2-NOKaNbHbIC Au(dEepeHIUpOBaHUS HA
npocTeiMu anredpamu JleiOHWIA, HaJ HUIBIOTCHTHBIMU
anreOpamu JleitOHMIIA M3ydeHo B padote [5]. Kpome atoro
B pabote [13] paccMOTpeHO JIOKalbHBIC M 2-JIOKAJIbHBIC
mudGepeHIMPOBaHNS HEKOTOPBIX ITONYMPOCTHIX anredp
JleiiOauIA.

[Mourn BHyTpennue audepeHunpoBanus anredp Jiu
osumn BBenenbl K.C.I'opmonom u E.H.VYwnconom [10] B
W3YYCHUH W30CHEeKTPANBHBIX JAedopMaruii KOMIAKTHBIX
MHOroo6pasuii. [loutn BHyTpeHHHE AnbPepeHIUPOBaAHUS
HUJIBIIOTEHTHBIX, HEKOTOPHIX pa3pemmMbix anredp Jlu u
HEKOTOPBHIX HUIBIIOTEHTHHIX aireOp JleHOHMIIA W3ydannuch
B paborax [8] u [1].

2. IlpeaBapurenbHble cBeleHus. [ Hauaga HaOM-
HUM ompeescHne anredp JleiOHuIa.

Onpenenenne 2.1. Anrebpa L wang monem F Hasbia-

ercs anrebpoii Jleubnuya, ecnm s moObix XY,z e L

BBITTOJIHACTCS TOXKAECTBO JleOHuma:
[Xv [y1 Z]]:[[Xv y]l Z] - [[X7 Z]! y]7

rae [, | — ymHOXeHwHE B L.

Jns mpousBoibHOI anredps! Jlelionuma L ompenenum
TIOCJIE/I0BATENLHOCTB!

L'=L, L= [Le LY, k> 1.

Aunrebpa Jletitornna L pasmepHOCTH N, Ha3bIBaeTCs Pu-
augopmnoi, ecm dimL'=n—i, 2< 1 <n-1.

Teopema 2.1 [7]. B n1000ii N-MepHOH KOMILIEKCHOM
puaudopmuoii anredpe JleiilOHuua cymecrByer 6a3zuc
{e1, €y ..., €y} TaKoii, 4TO €€ yMHOXKEHHE B ITOM Oa3uce

HMeeT OTHH U3 CJIeIyIOIUX BHIOB:

F(a,,....a,,0):
[ere1]=es,  [&e1]=€iu, 2<i<n-1,
[e1,e0]=0uestasest ... +onqen 1108y,
[6),2]=0u€jiot osBjiat ... TOlniz i€, 2<j<n-2,

F2(Byr )

[e1,e1]=¢3, [ei.e1]=€is1,

[e2.€3]=BaestPsest ... +Bnen,  [€282]=VEN,

[Ej,ez]:B4ej+2+B5ej+3+ .. +Bn+2_jen, 3 SJ <n-2,

Onpenenenue 2.2. HanoMHHM, YTO JMHEHWHBINH omnepa-
Top D:A— A HaspBaeTcs ouggepenyuposanuem aneeo-
pot Jleiionuya A, ecma D[X,y]=[D(x),y]+[x,D(y)] mpu
Beex X, Y € A (npasuno JleiOnuna).

3<i<n-1,

Onpenenenue 2.3. Jlnsg xkaxaoro ael mpaBoe ymHO-
JKEHUEe Ra(x) :[x,a], Xel HaspBaeTcs 6HympeHHum
oughgpepenyuposanuem.

Omnpenenenne 2.4. Jluneiinoe orobpakenne A:A— A
HA3bIBACTCS JIOKAAbHbIM 6HYMPEHHUM OUDpepenyuposanu-

em aneebpwl Jletibnuya, ecmu s KaKIbIX X e A, cylie-
CTBYeT BHYTpeHHHee TudQepeHInpoBaHUe (3aBHCAIICE OT
X) R,: A— A TaKoe, uto A(X) =R (X)-

IIycts L — gerpipexmepHas ¢ummdopmHas He mueBas
anre6pa JleiiOHua:

CAE

[erei]=es,  [exeq]=es, [e3,61]=€4,

[€1,62]= Oey, [€2,82]=0ue4
F2 (B 7):
[evei]=es,  [esei]=es,

[e2.€3]=Baes, [E2.€2]=VeE4,

3. OcHoBHBIe pe3yJbTaThl. B 3TOM pasnene Mbl pac-
CMOTPHM JIOKaJbHbIE BHYTpPEeHHHE IU(depeHMpoBaHUs
YeThIpeXMepHBIX (HIH(GOPMHBIX HE JIMEeBbIX anreOp Jleito-
HHLA.

Crienyromast TeopemMa sBIISICTCSl OCHOBHBIM Pe3yJIbTaTOM
paboTHL.

Teopema 3.1. Bcakoe
oughgepenyuposanue ancedpul

JIOKAIbHOE — BHYmMpeHHee

Fl(aA,H) Kpome caydas
a,=0#0 sersemcs enympennum ougpepenyuposaruen. B
F'(e,.0)
JIOKAbHOE GHYympeHHee Ougpepenyuposanue KOmopoe He

A671eMCsl BHYMPEeHHUM Ouddepenyuposanuem.
Jloxazamenvcmeo. [ycts R (X)
a

Fi(a, 0,, tRE

ciyuae g =0#0 Ha aneebpe cyujecmeayem

BHYTpEHHEE

mudepeHIupoBaHNe  anreOpsl

4 4
x=Yxe,a=> ae eF'(a,0): Toraa
= P

R, (X)=[xa]=(ax +ax,)e +(a,0x +a,ax, +ax)e,

Ilycts A Fl(a4, 0)— Fl(a“ ) TOKaIBHOE BHYTPEHHEES

muddepernupoBanne. [lo  ompemeneHi0  JIOKaJIBHOTO
BHyTpeHHero  auddepeHmupoBaHus UL KaXIOTO
Xe Fl(oc4,¢9) CYLIECTBYET BHYTpEHHEE

Aupgepentipopaite R, ((x) Takoe, 4o A(x)=R, (x)-
Paccmotpum crestyiume paBeHcTsa:
A(e)=R,, =[xa% |=a"e +a b,
Ae) =Ry =[xa® J=a"e +d g,
A(e,)=R,., =[x.a*]=a®s,,
o) [xa |- 0-a ),
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C IpYrou CTOPOHBI
Ale,—e,)=A(e)-A(e,)= |
—(a% —a®)e, +(a®0-a%a, )e,
B mociemHMX B JIBYX pPaBeHCTBaX COIIOCTABHB
ko3 duuents nepen €, nomyuum al(e” = al(e” .
Cayuaii 3.1. aﬂ =0.
Aae —0e,) =] x,a" ) | =al*" (a, - 0)e,
c JIpyrou
A(a,e,—0e,)=a,A(e)—0OA(e,) =

= (a;el)% — a{ez)é')e3 + aﬂ(a;ev —a® )e4 |

CTOPOHBI

Conocrapnss  koddduuentsl nepen €, umeem, uro

(&) _ A(&)
a2 = azz .
Cayuaii 3.1.1. a, # 0.

A(%el —0Oe, + es) — [X, a(az,elfeeﬁ%)] _

— ai(a461—¢9e2+e3) (a4 _ 0)63 + a1(a4el—992+e3)e4

C Ipyroul CTOPOHBI

Aae,—be,+e)=a,A(e)—-6A(e,)+A(e,) =
=a®(a,—0)e,+a, .

Torna al(ea) = af“. A(x)= [X, a™e + af’”ez]-
Cayuaii 3.1.2. a, = g.

B 3TOoM ciydae CymiecTByeT JIOKaJdbHOE BHYTPEHHEE
muddepeHpoBaHne KOTOpOe HE SIBJISETCS BHYTPEHHUM

mupdepernmposannem.  Omeparop A(x) =xg, He
SIBJISIETCS BHYTPEHHUM nuddepeHITpoBaHUEM.
Ipenmnonoxum 06paTHOE, IyCTh A(x) =X,6, BHyTpeHHee
1udpepeHIupoBaHAE T.€. A(x) =R, (x) Jlns smeMeHTa
y=e -6, +e A(y)=e, ™
R, (y) =ag,. U3 otux pasencts maxomum, uto @ =1.

nojydyacm PaBCHCTBA

Torma R, (X)=(x +X,)e, +(a,6x +a,a,X, +X,)e,

A(X)=[x.0(x)]

rac
X8, ecm X, + X, =0,
X)=
qo( ) % e,, ecau X + X, # 0.
X +X

Cayuaii 3.2. a,0=0.

Ecmu a,=0, TOrza
Ae, +e)=[x,a"* [=af"e, +ae, ¢ apyroi
croporrt A(e, +€,)=A(e,)+A(e,)=a*e, +a*e,, ms

(e3) _ (&)
a® =a®.

3THX  JIBYX

A(X)=[xa% +a%,]
Ecmn @ =0, Torna aHajJoOrMYHBIM 00pa3oM IOITy4YuM,

aro @) = al(el). A(X) = I:X, al(el)el + afz)ezj :
Teopema 3.2.

PaBEHCTB  TOIYYHM

Bcesaxoe JIOKAllbHOE

Fz(ﬁm?/)

BHYmMPeHHUM Juphepenyuposanuem.
Jlokazamenvcmeo. IMycth Ra(x)
F(Byy,» e

4 4
X:Z:Xiei’ azzaiei € Fz(ﬂuy)' Torna
i ia

eHympeHHee

oughgpepenyuposanue  arcedOpvi sa67emcs

BHYTpEHHEE

muddepeHIpoBaHUe  aareOpsI

R,(x)=[x.a]=axe, +((a,r+a,8)x +ax)e,

o OTIPE/ICTICHUIO JIOKaJIBbHOTO BHYTPEHHETO

xeF*(f,.7)

CyIIECTBYeT BHYTpeHHee Iu(QepeHIrpoBaHNe Rax (X)
TaKoe, 4To A(x) = R&lx (x)
PaccMotpum cienymue paBeHCTBa:
Ale)=R,, =[x,a® [=a"e,
Ae,)=R, =[xa% |=(a"y+alB,)e,
A(e)=R,, =[xa®]=a"%e,
Ae +e,)=[x,a%"* |=a®">e, +a*"e,,

C IpYroi CTOPOHbI

Ale +e)=A(e)+A(e,)=6,+a™e,.

mupepeHIUpPOBaHUS AN KaXIOro

A(x)=R, (),
ConocraBuB k03(pPUIIEHTHI TIepes; €, U €, HaxoIuM,
3TO  NPOTHBOPEYMT,  YTO A(x):x3e4 BHYTPEHHEE . o 3 4
&) _ (& — a(&)

auddepeHIpoBaHe. uro a =a", T.e.A(e3)_a1 € Torza

Tenep mokaxkeMm, uYTo A  ABISETCA  JIOKAJIbHBIM A(X)=[X, al(el)e1 +a§2’e2 +a§92)e3]- DTo 03HAUYAET, UTO
BHyTpeHHHM  aupdepeniupoBanreM. [ng  Bcaxoro
Xe Fl(aA,H) BEpHa A sensercs BHYTPEHHHM 1 epeHITPOBAHNEM.
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REZYUME

Mazkur magolada to‘rt o‘lchamli Li bo‘lImagan filiform Leybnits algebralarining ichki lokal differensiallashlari o‘rganilgan.
Fl(a‘“g) algebrasining har bir lokal ichki differensiallashi ichki differensiallash ekanligi isbotlangan.

PE3IOME

B craTbe M3yueHsBI JIOKaNbHbIE BHYTpeHHHE TU(depeHIupoBaHns YeTHIpeXMEPHBIX GHIHN(OPMHBIX He JMEeBHIX anredp JleiOnuna.

JlokazaHO dYTO, BCSAKOE JIOKAIBHOE BHYTpEHHEEe IU(PQepeHIUpOBaHUE anreOpsl

Fl(a4,0) KpoMe ciydas =0+0 sBmstercs

BHYTpeHHUM JuddepeHnIupoBaHneM H B Ciydae a,=0#0 Ha anredpe Fl(a4,¢9) CYLIECTBYET JIOKAJIbHOE BHYTPCHHEE

nudepeHINpOBaHNE KOTOPOE HE ABIACTCS BHYTPEHHUM IU(PPEepeHIUPOBAHUEM.

SUMMARY

In this article, local inner derivations are studied of four-dimensional filiform of non-Lie Leibniz algebras. It is proved that every lo-

cal inner derivation of the algebra Fl(a4,9) is an inner derivation.
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1. Introductions. Currently, various types of deriva-
tions over algebras are being studied, for example, deriva-
tions, local derivations, 2-local derivations, almost inner
derivations, etc. Local derivations were first considered in
the work of R. Kaidison in 1990 [10] and, independently in
the work of D. Larson and A. Surur [11]. In these papers,
some conditions are indicated under which local derivations
is derivations. R.Kaidison's paper considered local deriva-
tions on von Neumann algebras and in some polynomial
algebras. L.Molnar [12] introduced the definition of local
inner derivations on standard operator algebras.

The first results concern to local and 2-local derivations
and automorphisms on finite-dimensional Lie algebras over
algebraically closed field of zero characteristic were ob-
tained in [2, 3, 5] and [7]. Namely, in [5] it is proved that
every 2-local derivation on a semi-simple Lie algebra L is a
derivation and that each finite-dimensional nilpotent Lie
algebra with dimension larger than two admits 2-local deri-
vation which is not a derivation. In [2] the authors have
proved that every local derivation on a semi-simple Lie
algebras is a derivation and gave examples of nilpotent fi-
nite-dimensional Lie algebras with local derivations which
are not derivations. Concerning 2-local automorphism,
Z.Chen and D.Wang in [7] prove that if L is a simple Lie
algebra of type A, D, or Ey, (k = 6,7,8) over an algebraical-
ly closed field of characteristic zero, then every 2-local au-
tomorphism of L is an automorphism. Finally, in [3]
Sh.A.Ayupov and K.K.Kudaybergenov generalized this
result of [7] and proved that every 2-local automorphism of
a finite-dimensional semi-simple Lie algebra over an alge-
braically closed field of characteristic zero is an automor-
phism. Moreover, they show also that every nilpotent Lie
algebra with finite-dimension larger than two admits 2-local
automorphisms which is not an automorphism. Local auto-
morphisms of certain finite-dimensional simple Lie and

Leibniz algebras are investigated in [4]. Almost inner deri-
vations of Lie algebras were introduced by C.S. Gordon and
E.N. Wilson [8] in the study of isospectral deformations of
compact manifolds. Almost inner derivations of nilpotent,
some solvable Lie algebras and some nilpotent Leibniz al-
gebras were studied in the papers by [6] and [1].

2. Preliminaries. To begin with, recall the definition of
Lie algebras.

Definition 2.1. An algebra L over field F is called a
Lie algebra if its multiplication satisfies the identities:

1) [x,x]=0,

) [xly. 2l+[y.[z. x]]+[z[x y]]=0.

forall X,y,Z in L.

The product [X, y] is called the bracket of X and Y.
Identity 2) is called the Jacobi identity.

Let L be a finite-dimensional Lie algebra. For Lie al-

gebra L we consider the following central and derived
series:

=L, I =[|_“1,L], i>1
=L, 09 2108, 109T >,

A Lie algebra L is nilpotent (solvable) if there exists
m>1 suchthat L™ =0 (L™ =0).

Definition 2.2. A derivation on a Lie algebra L is a lin-
ear map D:L — L which satisfies the Leibniz rule:

D([x, y]) =[D(x), y]+[x, D(y)] 21



